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Abstract
Data Envelopment Analysis (DEA) is a data-oriented performance evaluation method which has treated data as being
deterministic. Throughout applications managers may encounter the data which are not recognized deterministically.
In this paper a deterministic version of stochastic CCR multiplier model based on chance constrained programming
approach is presented. The advantage of this method is that the stochastic essence of input-output variables has been
taken into account. Using numerical example, we will demonstrate how this method works.
Keywords: Data envelopment analysis; stochastic programming; chance constrained approach.
1 Introduction
Data Envelopment Analysis (DEA) is a technique based on mathematical programming to assess the efﬁciency
of a set of Decision Making Units (DMUs). Charnes et al. [2] were pioneers in DEA by introducing CCR model.
In various ﬁelds, many DEA models have been presented to evaluate DMUs with different kinds of data such as
deterministic, fuzzy and interval. However, in many practical problems managers deal with units with imprecise data.
Thus they need methods to assess their units. In these situations analysts may consider imprecise data as random
variables. While working by random variables with considering the possibility for occurrence of unforeseen events,
different aspects of the information can be detected. The main advantage of working with random data in DEA is
the prediction of efﬁciencies in future. Given the need to use random data in practical models, Several researchers
initiated stochastic DEA models (see [3, 4, 5, 10, 12]). Subsequently, Li [11], Huang and Li [6], Khodabakhshi [8, 9]
and Behzadi et al.[1] present more stochastic DEA models.
Most of the previous researches considered the enveloping form of stochastic CCR or BCC model. Because of the
necessity of introducing stochastic multiplier CCR model in ranking, weight restrictions and ﬁnding hyperplanes of
production possibility set, this model is considered in this paper. The Chance constrained programming approach
is a stochastic programming method which has some difﬁculties to apply on multiplier CCR model. Here, these
difﬁculties and resolving them is explained.
The paper organized as follows: First the preliminaries on data envelopment analysis and efﬁciency deﬁnition is
provided in section 2 and then a method to ﬁnd a deterministic equivalent of stochastic CCR multiplier model is
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presented in section 3. In section 4 Using numerical example, we will demonstrate how to use the result. Section 5
conclude the paper.
2 Preliminaries
Assume there are n homogeneous DMUs (DMUj, j =1;:::;n) such that all the DMUs use m inputs xij (i=1;:::;m)
to produce s outputs yrj (r = 1;:::;s). Also assume that xj = (x1j;:::;xmj) and yj = (y1j;:::;ysj) are nonnegative and
nonzero vectors.
Charnes et al. [2] deﬁned the measure of efﬁciency of DMUo, o ∈ {1;:::;n}, as the ratio of the weighted sum of its
outputs to the weighted sum of its inputs:
Eo =
s
å
r=1
uryro
m
å
i=1
vixio
=
uyo
vxo
(2.1)
Where u = (u1;:::;un) and v = (v1;:::;vn) are the vector of input and output weights respectively. The efﬁciency of
DMUo within a group of n DMUs is the maximum of Eo in the following fractional programming model, which is
known as the CCR model:
max Eo
s:t: Ej ≤ 1; j = 1;:::;n;
v > 0;u > 0:
(2.2)
DMUo is considered efﬁcient if the optimal value of the objective function in (2.2) equals 1 and is attained, i.e. Eo = 1
for some u = u∗; v = v∗ feasible in (2.2).
DeﬁneY =(y1;:::;yn) the s×n matrix of outputs, and X =(x1;:::;xn) the m×n matrix of inputs of all DMUs. Using
this notation, model (2.2) can be converted to a more operational form:
max uyo
s:t: vxo = 1;
uY −vX ≤ 0;
v > 0;u > 0:
(2.3)
Model (2.3) is not a linear program because of the strict positivity constraints. For convincing, restrictions u≥0; v≥0
can be added to the model. Model (2.3) is called multiplier model of CCR in input orientation and its dual is called
enveloping model. In this model, it is assumed that inputs and outputs are deterministic values. Cooper et al. [3, 4]
with the assumption of random variability of inputs and output vectors, introduced stochastic CCR enveloping model.
After that, there have been some researches in DEA ﬁeld such as ranking, calculating return to scale, productivity
index and etc. by considering the enveloping form of stochastic CCR model. In the next section, the multiplier form
of stochastic CCR model is presented.
3 Stochastic Efﬁciency Based on Multiplier Model
Let us assume that inputs and outputs are random variables i.e. ˜ xj =(˜ x1j;:::; ˜ xmj) and ˜ yj =(˜ y1j;:::; ˜ ysj) are random
input and output vectors of DMUj, j = 1:::;n. Also, yj = (x1j;:::;xmj) ∈ Rm+ and yj = (y1j;:::;ysj) ∈ Rs+ stand for
corresponding vectors of expected values of input and output. All input and output components have been considered
to be normally distributed i.e.
˜ xij ∼ N(xij;s2
ij); i = 1;:::;m;
˜ yrj ∼ N(yrj;s
′2
rj); r = 1;:::;s:
Therefore the chance constrained model related to input oriented stochastic multiplier CCR model for evaluating
DMUo is follows:
max u˜ yo
s:t: p{v˜ xo = 1} ≥ 1−a;
p{u˜ Y −v ˜ X ≤ 0} ≥ 1−a;
u > 0; v > 0
(3.4)
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where in the above model, p means “probability” and a is a level of error between 0 and 1, which is a predetermined
number.
Model (3.4) has some difﬁculties, existing random variable in objective function and the ﬁrst constraint. The ﬁrst
constraint of model (3.4) is a wrong expression, since in continuous probability theory the probability of occurring an
event equals to ﬁxed value is zero, i.e.
p{v˜ xo = 1} = 0 ≥ 1−a → a ≥ 1
In order to resolve these impediments, we introduce an alternative form of model (2.3) which has one more variable.
Consider the objective function of model (2.3). It can be replaced by
max k
s:t: uyo ≥ k
There fore model (2.3) can be converted to the following model:
qo = max k
s:t: uyo ≥ k;
vxo = 1;
uY −vX ≤ 0;
v > 0;u > 0:
(3.5)
The objective function of model (3.5) is rid of random variable, but it contains the second difﬁculty yet. Now consider
the following model with no equality constraint:
¯ qo = max k
s:t: uyo ≥ k;
vxo ≤ 1;
uY −vX ≤ 0;
v > 0;u > 0:
(3.6)
Theorem 3.1. models (3.5) and (3.6) have equal optimal objective values; ¯ qo = qo.
Proof. ﬁrst, note that the feasible region of model (3.5) is a subset of feasible region of model (3.6). Also, k ≤vxo ≤1
can be resulted from constraints of model (3.6). Since model (3.6) is maximizing, vxo = 1 and k = 1 in the optimal
solution. Thus, in optimality, solutions of model (3.6) satisﬁes constraints of model (3.5).
model (3.6) is an alternative for model (2.3) and it doesn’t have any difﬁculties to apply chance constrained program-
ming. The related stochastic model of model (3.6) is follows:
max k
s:t: p{u˜ yo ≥ k} ≥ 1−a;
p{v˜ xo ≤ 1} ≥ 1−a;
p{u˜ Y −v ˜ X ≤ 0} ≥ 1−a;
u > 0; v > 0
(3.7)
The deterministic equivalent of model (3.7) which is obtained by Cooper et al.[3] is follows:
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max k
s:t:
s
å
r=1
uryro+bF−1(a) ≥ k;
m
å
i=1
vixio−mF−1(a) ≤ 1;
s
å
r=1
uryrj −
m
å
i=1
vixij −djF−1(a) ≤ 0; j = 1;:::;n;
b2 =
s
å
r=1
s
å
t=1
urutCov( ˜ yro; ˜ yto);
m2 =
m
å
i=1
m
å
l=1
vivlCov( ˜ xio; ˜ xlo);
d2
j =
s
å
r=1
s
å
t=1
urutCov( ˜ yrj; ˜ yt j)+
m
å
i=1
m
å
l=1
vivlCov( ˜ xij; ˜ xl j)
+2
s
å
r=1
m
å
i=1
urviCov( ˜ yrj; ˜ xij); j = 1;:::;n
b ≥ 0; m ≥ 0; dj ≥ 0; j = 1;:::;n;
vi > 0; ur > 0; i = 1;:::;m; r = 1;:::;s:
(3.8)
Here, F is the cumulative distribution function of the standard normal distribution and F−1(a), is its inverse in level
of a. model (3.8) is an nonlinear and quadratic programming model which can be converted to linear program if
related inputs and outputs of each DMU are independent. Also, DMUo is deﬁned a stochastic efﬁcient DMU in level
of a if and only if k∗ = 1 in the optimal solution of model (3.8).
Theorem 3.2. model (3.8) is feasible for every a.
Proof. b = 0; m = 0; ur = 0;vi = 0; dj = 0; r = 1;:::;s; i = 1;:::;m; j = 1;:::;n is a feasible solution for model
(3.8).
Theorem 3.3. 0 ≤ k∗ ≤ 1 for every 0 ≤ a ≤ 0:5 in optimal solution of model (3.8).
Proof. It is clear that F−1(a) ≤ 0 if 0 ≤ a ≤ 0:5. Also, constrains of model (3.8) result the following inequalities:
s
å
r=1
uryro ≥ k;
m
å
i=1
vixio ≤ 1;
s
å
r=1
uryrj −
m
å
i=1
vixij ≤ 0:
The above inequalities are the constraints of model (3.6) which satisﬁes 0 ≤ k∗ ≤ 1.
According to theorem 3.3, if a ≥ 0:5, negativity of efﬁciency would be possible. Similar to the mentioned approach,
stochastic multiplier model of BCC can be obtained.
4 An application
In this section we carry out the proposed model using some actual data of Iranian electricity distribution units
which are gathered by the Iranian electricity distribution units. In this research, 15 electricity distribution units are
considered to be examined. According to the Jamasb and Pollitt research [7], inputs are network length, number of
employees and transformer capacity, while outputs are total electricity sales and number of customers. The aforemen-
tioned data are considered as random variable by considering the behavior of units during 2000 till 2004. These data
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based on consideration 48 successive months have normal distribution. We want to assess the total performance of
these units using model (3.8).
The computational results of model (3.8) is gathered in Table 4.1 in different level of errors. In these results k∗ shows
the optimal value of objective function in model (3.8) which is the efﬁciency of under assessing DMU. Note that
results are gained using GAMS software. Results show that as the error increases from 0.1 to 0.5, the estimated efﬁ-
Table 1: Computational results of model (3.8) and related k∗.
no. DMU a = 0:05 a = 0:1 a = 0:5 a = 0:8
1 0.101 0.432 0.54 0.98
2 1 1 1 1
3 0.013 0.067 0.34 -0.01
4 0.099 0.32 0.57 0.87
5 0.296 0.53 0.8 1.02
6 0.9 0.94 1 1
7 0.635 0.66 1 1.32
8 0.682 0.69 0.94 1
9 0.574 0.76 0.93 1
10 0.774 0.92 1 1
11 0.38 0.54 0.82 1
12 0.371 0.38 0.53 0.65
13 0.775 0.84 0.97 1
14 0.213 0.33 0.45 0.6
15 0.681 0.83 1 1
ciency increases. This subject expresses the relevance of efﬁciency and results reveal that if the level of error is more
than the reliable level,0:5, the efﬁciency would not be in the range [0;1].
5 Conclusion
Inthispaper, stochasticmultiplierCCRmodelisintroducedfortheﬁrsttimeandisconvertedtodeterministicform
using chance constrained programming approach. Since chance constrained approach is not applicable for equality
constraints, an alternative model, which doesn’t have difﬁculties of conventional multiplier CCR model for applying
chance constrained approach, is proposed. It should be noted that the presented model can be applied in the related
multiplier model problems such as ranking, weight restrictions and ﬁnding hyperplanes of production possibility set.
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